are given in [1] . The existence of super d-antimagic labeling of type (1, 1, 1) for the plane graphs containing a special Hamilton path is examined in [5] and for disconnected plane graphs is investigated in [10] .
In this paper we study d-antimagic labelings for toroidal fullerenes. Classical fullerene is an all-carbon molecule in which the atoms are arranged on a pseudospherical framework made up entirely of pentagons and hexagons. Its molecular graph is a finite trivalent graph embedded on the surface of a sphere with only hexagonal and (exactly 12 ) pentagonal faces. Deza et al. [11] considered fullerene's extension to other closed surfaces and showed that only 4 surfaces are possible, namely sphere, torus, Klein bottle, and projective plane. Unlike spherical fullerenes, toroidal and Klein bottle fullerenes have been regarded as tessellations of entire hexagons on their surfaces since they must contain no pentagons; see [11] and [13] .
A toroidal fullerene (toroidal polyhex) is a cubic bipartite graph embedded on the torus such that each face is a hexagon. Note that the torus is a closed surface that can carry the graph of a toroidal polyhex such that all its vertices have degree 3 and all faces of the embedding are hexagons; see Figure 1 .
More precisely, let L be a regular hexagonal lattice and P n m be an m × n quadrilateral section (with m hexagons on the top and bottom sides and n hexagons on the lateral sides, n is even) cut from the regular hexagonal lattice L . First identify 2 lateral sides of P n m to form a cylinder, and finally identify the top and bottom sides of P n m at their corresponding points; see Figure 2 . From this we get a toroidal polyhex H n m with mn hexagons, 2mn vertices, and 3mn edges. There have been a few works on the enumeration of perfect matchings of toroidal polyhexes by applying various techniques, such as the transfer matrix [14, 15] . In [16, 17, 18] , a k -resonance of toroidal polyhexes was studied.
Necessary conditions
In this section we shall find bounds for a feasible value of d for the super d -antimagic labeling of type (1, 1, 1) of the toroidal polyhex H n m . 
Theorem 1 For every toroidal polyhex H
. . , 6mn} , and {a, a + d, a + 2d, . . . , a + (mn − 1)d} is the set of face-weights.
The minimum possible face-weight of a 6-sided face is the sum of the 6 smallest possible vertex labels, namely 1, 2, . . . , 6, and the 7 smallest possible labels from the set {2mn + 1, 2mn + 2, . . . , 6mn} for 6 edges and 1 face. Thus, To calculate all the face-weights each vertex label is used 3 times, each edge label is used twice, and each face label is used once. In this case the vertices receive the smallest possible labels 1, 2, . . . , 2mn . The edges could conceivably receive the 3mn smallest labels from the set {2mn + 1, 2mn + 2, . . . , 6mn} and faces receive the remaining labels from the set or, at the other extreme, the faces receive mn smaller labels from the set and the edges can receive 3mn largest labels or anything in between. Thus, we get:
The sum of all the face-weights is
Since the minimum possible face-weight is at least 14mn + 49 , from Eqs. (1) and (2) we get the following inequality:
On the other hand, the maximum possible face-weight is the sum of the 6 largest possible vertex labels, namely 2mn − 5, 2mn − 4, . . . , 2mn, and 7 largest possible labels from the set {2mn + 1, 2mn + 2, . . . , 6mn} for 6 edges and 1 face. It is no more than
Then we get an upper bound on the parameter d as
Thus, we have arrived at the desired result. 
Results on super d-antimagic labelings of toroidal polyhex
Since H n m is 2 -colorable cubic graph, there exist a 1 -factor (perfect matching) and a 2 -factor (a collection of n cycles on 2m vertices each). Denote the edges in 1 -factor by the symbols u 
With the vertex labeling g and the edge labeling h in hand, we prove the following lemmas. Proof By direct computation for the partial weight of the face z j i , j odd, we obtain:
Lemma 1 Let w(z
Proof It is easily seen that for the partial weight of the face z j i , j even, we have: It can be seen that face-weights successively attain values from 32mn + 7 up to 33mn + 6 . This implies that the resulting labeling of type (1, 1, 1) is a super 1 -antimagic. 
Observe that labels of edges in 1-factor are from the set {2mn + 1, 2mn + 2, . . . , 3mn} and labels of faces are from the set {5mn + 1, 5mn + 2, . . . , 6mn}. For face-weights we get: We can see that face-weights constitute a set {31mn + 8, 31mn + 11, . . . , 34mn + 5}, i.e. constitute the arithmetic sequence of difference 3 . Thus, the resulting labeling is a super 3-antimagic labeling of type (1, 1, 1) . 
The edges of 2n -cycles, for 0 ≤ i ≤ m−1, we label by the consecutive integers 2mn+1, 2mn+2, . . . , 4mn such that
, where j is taken modulo n . 
Lemma 3 Let w(z
j i ) = α(u j i ) + β(u j i v j i ) + α(v j i ) + β(v j i u j+1 i ) + α(u j+1 i ) + α(v j i+1 ) + β(v j i+1 u j i+1 ) + α(u j i+1 ) + α(v j−1 i ) + β(v j−1 i u j i ) be
Lemma 4 Let w(z
The face values we arranged in such a way that
There is no problem in seeing that the completed edge labels and face labels use consecutive integers from the set {4mn + 1, 4mn + 2, . . . , 6mn} . If j is even, then for face-weights we get
If j is odd, then for face-weights we have It is not difficult to see that the face-weights constitute the arithmetic progression with the first term n(30m + 1) + 9 and common difference 5, which implies that the resulting labeling is a super 5 -antimagic labeling of type (1, 1, 1) . 2
Concluding remarks
In the foregoing section we studied the existence of super d-antimagic labelings of type (1, 1, 1) for the toroidal polyhex H n m . We labeled the edges of a 1-factor by consecutive integers and then in successive steps we labeled the edges of 2m-cycles (respectively 2n-cycles) in a 2 -factor by consecutive integers. This technique allows us to construct super d-antimagic labelings of type (1, 1, 1) for d ∈ {1, 3, 5} . We did not solve the existence of such labelings for d ∈ {0, 2, 4} . We think that in general such labelings exist, but the corresponding labelings have to be constructed by other methods than those described in this article. Therefore, we suggest the following open problem. 
Open Problem 1

